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Inspired by the recent experiment on erythrocytes (red blood cells, RBCs) in
weak shear flows by Dupire et al. (Proc. Natl Acad. Sci. USA, vol. 109, 2012,
pp- 20808-20813), we conduct a numerical investigation to study the dynamics of
RBCs in low-shear-rate flows by applying a multiscale fluid—structure interaction
model. By employing a spheroidal stress-free state in the cytoskeleton, we are
able to numerically predict an important feature, namely that the cell maintains its
biconcave shape during tank-treading motions. Furthermore, we numerically confirm
the hypothesis that, as the stress-free state approaches a sphere, the threshold shear
rates corresponding to the establishment of tank treading decrease. By comparing
with the experimental measurements, our study suggests that the stress-free state of
RBCs is a spheroid that is close to a sphere, rather than the biconcave shape applied
in existing models (the implication is that the RBC skeleton is pre-stressed in its
natural biconcave state). It also suggests that the response of RBCs in low-shear-rate
flows may provide a measure to quantitatively determine the distribution of shear
stress in the RBC cytoskeleton in the natural state.

Key words: capsule/cell dynamics, mebranes, boundary integral methods

1. Introduction

Essentially a droplet of cytosol enclosed in a membrane, the mechanical properties
of a mature human erythrocyte (red blood cell, RBC) are mostly determined by its
composite membrane, which consists of a lipid bilayer supported from inside by a
spectrin—actin cytoskeleton (Mohandas & Evans 1994). The skeleton and the lipid
bilayer are connected at isolated linkage points formed by transmembrane proteins
(band 3 and glycophorin C) attached to the skeleton. These linkages are mobile within
the lipid bilayer, so that the skeleton and the lipid bilayer can slide against each other,
as observed in the micropipette aspiration experiment (Discher, Mohandas & Evans
1994).

Despite its simplicity, there still exist a number of unanswered questions regarding
the mechanics of erythrocytes (Hoffman 2001). One of the most notable is the
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existence of shear stress inside its cytoskeleton in the resting biconcave state (Khairy
& Howard 2011; Svelc & Svetina 2012) (the isotropic stress is considered separately
(Svoboda et al. 1992; Discher, Boal & Boey 1998; Omori et al. 2012)). This question
is usually expressed as the search for the stress-free (reference) state of the skeleton.
Hereby the stress-free state refers to a three-dimensional geometry of the skeleton
(which has the same surface area as the cell) in which there is no shear stress. There
are two dominant opinions about the shear-stress-free state: (i) it is a sphere, and
(i1) it coincides with the resting biconcave state (i.e. there is no shear stress in the
resting state). For convenience, the second opinion is adopted in almost all of the
existing models.

One of the requirements that a reasonable stress-free state needs to satisfy is the
ability to predict the resting shape of an RBC, which corresponds to the lowest
elastic energy state. This elastic energy consists of the bending energy stored in
the lipid bilayer and the shear energy stored in the cytoskeleton. The following
factors are involved in determining the stored energy: (a) the internal volume V,
determined by the osmotic balance between the internal and external fluids, which
is usually expressed in terms of a ratio V/V;, where V| is the volume of a sphere
with the same surface area as the cell (based on measurements, the value of V/Vj
for a normal erythrocyte in its resting biconcave state is around 0.65 (Lim, Wortis
& Mukhopadhyay 2002)); (b) the spontaneous curvature, referring to the natural
curvature of a piece of lipid bilayer without external loads, for which there is no
widely accepted value; and (c) the aforementioned stress-free state of the cytoskeleton.
A comprehensive study on the effect of the cytoskeleton reference shape (stress-free
state) upon the resting shape of an erythrocyte is provided by Lim et al. (2002)
using a Monte Carlo simulation to minimize the total elastic energy. By considering
reference shapes ranging from biconcave to spherical, they mapped the complete phase
diagram of the resting shapes at different combinations of spontaneous curvature of
the lipid bilayer and reference state of the cytoskeleton. In that study, they were able
to duplicate various cell shapes observed in the laboratory. Based on the results, they
conclude that the stress-free state is likely to be a spheroid.

In recent years, there have been several benchmark experiments that shed light
on the stress-free state of the cytoskeleton. In an experiment performed by Fischer
(2004), an RBC was mechanically deformed through an applied load exerted by shear
flow. The external load was later removed in a process called a ‘go-and-stop’ test. It
was found not only that the biconcave shape of the cell was recovered, but also that
different parts on the membrane (marked by latex spheres attached to the skeleton)
would return to their original locations (i.e. the cell displays the shape memory
effect). For example, the part of the membrane that forms a dimple in the resting
state will go back to the dimple after the ‘go-and-stop’ test. The result suggests
that the stress-free shape cannot be spherical — otherwise the cell membrane will
demonstrate spherical symmetry and different points on it will be indistinguishable
from each other. Another important experiment is the observation of RBCs in a shear
flow with relatively low shear rates conducted by Dupire, Socol & Viallat (2012).
An interesting finding is that the establishment of tank treading occurs at shear rates
lower than expected. During such tank-treading motions, the cell will roughly keep
its biconcave shape and well-formed dimples are observable. Through an intuitive
analysis of this experiment, it was suggested that the stress-free shape of the skeleton
should be a spheroid that is close to a sphere.

The mechanical responses of RBCs in shear flows have been extensively studied
through analytical models (Keller & Skalak 1982; Abkarian, Faivre & Viallat 2007;
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Vlahovska et al. 2011) and numerical models (Barthés-Biesel 1980; Pozrikidis 1992;
Eggleton & Popel 1998; Dodson & Dimitrakopoulos 2010; Yazdani, Kalluri & Bagchi
2011; Fedosov, Caswell & Karniadakis 2011; Peng, Asaro & Zhu 2011; Peng et al.
2013; Peng & Zhu 2013). In these studies, the biconcave shape is usually assumed
to be the stress-free state of the cytoskeleton. According to these results, during tank
treading an RBC usually deforms into an elongated shape with significant breathing,
which is inconsistent with the experimentally observed almost stationary biconcave
shape (Dupire et al. 2012). By increasing the bending stiffness, Sui et al. (2007)
and Le (2010) obtained tank-treading shapes with dimples preserved. Their results,
however, still show significant breathing motions. By modelling the cell membrane
via the Skalak constitutive equations and the flow field as Stokes flows, Tsubota,
Wada & Liu (2013) predicted the decreasing of the critical shear stress between
tumbling and tank treading as the stress-free state approaches a sphere. Their model
does not explain the resting biconcave shape and the behaviours in shear flows
simultaneously, probably due to the assumption that the spontaneous curvature of
the lipid bilayer is zero (i.e. the natural state of the bilayer is flat). The effect of
the stress-free state may be profound in low-shear-rate flows, since the cells are less
deformed and responses are more sensitive to the initial prestress. Therefore, there is
a compelling need to apply an accurate three-dimensional numerical model with fully
coupled fluid—structure interaction to quantify the effect of the stress-free state on the
mechanical responses of RBCs in low-shear-rate flows.

The purpose of the current study is to computationally examine the correlation
between the mechanical responses of an RBC in shear flow and the stress-free
state of its cytoskeleton. Specifically, we would like to demonstrate that, by using
a spheroidal stress-free shape, with well-accepted mechanical properties of the cell
(e.g. the bending stiffness of the membrane and the elastic properties of the skeleton),
it is possible to duplicate not only the biconcave resting shape (which is then not
stress-free), but also the responses in low-shear-rate flows. The numerical model
will be based on a multiscale framework in which the skeleton—bilayer connectivity
(including the sliding motion between the two), the viscoelasticity of the system, and
fluid—cell interactions, as well as the correlation between the molecular architecture
and the mechanical properties of the coupled system, are all incorporated.

2. A summary of existing experimental observations and hypothesis

The dynamics of RBCs in linear shear flows has been studied extensively.
Three major response modes were observed, flipping/tumbling (F), rolling (R)
(first discovered by Bitbol (1986)) and tank treading (TT). The F and R modes
occur in flows with relatively low shear rates, whereas the TT mode dominates
at higher shear rates. Let y' denote the critical shear rate between R and TT,
and y the critical shear rate between F and TT. It was found that y' is always
larger than p~ (Dupire et al. 2012). The critical shear stresses were found as
my,”=0.086 Pa and n,y, =0.023 Pa, where 5, is the viscosity of the external fluid.
For 7, =0.0285 pN s um™2, y* =3 s7' and y =0.8 s7".

As mentioned earlier, a key observation in these low-shear-rate experiments is
that, during low-shear-rate tank-treading motions, the biconcave shape of the cell
remains unchanged; see figure la (Abkarian et al. 2007; Dupire et al. 2012). In most
numerical simulations, however, it was shown that the cell deforms into an elongated
shape as it tank-treads (see e.g. Dodson & Dimitrakopoulos 2010). It was suggested
that a possible explanation is that the skeleton possesses a spheroidal stress-free
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FIGURE 1. Experimental observations (top views) of (a) tank-treading response and
(b) rolling response (from Dupire et al. (2012)). The viscosity of the external fluid is
n = 0.0285 pN s um~2. The shear rate y = 3 s~' (for both panels (a) and (b)). A
membrane-attached bead is included to illustrate the motion at the cell surface.
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FIGURE 2. (a) If the stress-free state is biconcave, there is a high energy barrier between
a dimple element (shown as an empty rectangle) and a rim element (shown as a solid
rectangle). It thus needs a strong shear flow to move the dimple element to the rim to
achieve tank-treading motion. This strong shear deforms the cell shape, so it is elongated
rather than biconcave. (b) If the stress-free state is close to a sphere, the energy barrier
between dimple and rim elements is low (due to weak anisotropy), so that a weak shear
flow may generate tank treading, during which the biconcave shape is preserved.

state (Dupire et al. 2012). In that scenario, the cell membrane is anisotropic, so
that it displays shape memory, whereas the anisotropy is so weak that it only takes
a small amount of hydrodynamic energy (provided by the shear flow) to displace
material elements from the dimple to the rim (as occurring during a tank-treading
motion) without significantly disturbing the overall shape of the cell (figure 2). This
explanation, however, is just a hypothesis. To prove it, a comprehensive numerical
study with a high-fidelity model is needed.

3. Numerical model

A comprehensive model is essential to this study. This model must possess sufficient
accuracy to simulate the viscoelastic behaviours involved in the mechanics of the
lipid bilayer, the cytoskeleton, the flexible connectivity between these two, and their
interactions with the cytosol and the surrounding fluids. In the following simulations,
we will apply a multiscale numerical model that we have developed over the past
few years (Zhu et al. 2007; Zhu & Asaro 2008; Peng, Asaro & Zhu 2010; Peng
et al. 2011; Peng & Zhu 2013). The vital difference between this model and other
existing models is the incorporation of a multiscale structural description of the
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FIGURE 3. Schematic of the multiscale model: (a) level III, (b) level II and (c) level 1.

cell membrane, which enables predictions of the physical mechanisms involved in
the dynamic response of a cell at molecular level, so that this model is as close
to the real biological system as possible. The key characteristics of this model are
summarized below.

3.1. The multiscale model

As shown in figure 3, this method consists of three models at different scales. In the
complete cell level (referred to as level III), the membrane is modelled as two layers
of continuum shells using the finite element method (FEM). The skeleton-bilayer
interactions are depicted as a slide in the lateral (i.e. in-plane) direction caused
by the mobility of the skeleton—bilayer pinning points and a normal contact force.
The constitutive laws of the inner layer (the protein skeleton) are obtained from
a molecular detailed model (level II). The mechanical properties of the spectrin
(Sp), including its folding/unfolding reactions, are obtained with a stress—strain
model based on the Arrhenius equation (level I). The three models are coupled
through an information-passing algorithm, in which predictions of level I and level
IT models are summarized as constitutive laws and employed in level II and level
IIT models, respectively. On the other hand, the three-dimensional configuration and
deformation predicted by the level III model will be utilized by the level II model
to determine mesoscale mechanics and mechanical loads at the protein-to-protein and
protein-to-lipid linkages so that the possibility of mechanically induced structural
remodelling can be estimated. For clarity, in the following we briefly summarize the
key characteristics of each of these models.

3.1.1. Level I. The Sp model
In most of the existing models, Sp is depicted as a simple linear or nonlinear
spring (e.g. by using the worm-like chain (WLC) model). However, as a multidomain
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protein, Sp can undergo overstretching (i.e. stretching beyond its total contour length)
due to unfolding of domains or multiple repeats. As illustrated in atomic force
microscope (AFM) experiments, the transient force—extension curve of Sp stretching
displays a trademark sawtooth pattern related to unfolding of the domains (Rief et al.
1999). Each peak in this curve corresponds to the unfolding of one or more than one
domain (Law et al. 2003). The exact characteristic of this curve is dependent on the
rate of extension. Using a Monte Carlo simulation algorithm, we have successfully
reproduced this feature quantitatively. Thus in our level I model we have a numerical
algorithm for both dynamic and quasi-static stretching of Sp (Zhu & Asaro 2008).

3.1.2. Level II. Molecular-based junctional complex model

The constitutive law for the Sp is incorporated into the molecular detailed
model of the junctional complex (JC), which considers the dynamic response of
the fully coupled skeleton—bilayer structure. Our model of a JC is based upon the
three-dimensional model of a single JC unit by Sung & Vera (2003) and implemented
within the numerical framework of Zhu et al. (2007). The junction between the Sp
and the actin protofilament, the Sp-bilayer/actin-bilayer interactions, and the thermal
effects are all based on a state-of-the-art understanding of the actual molecular
architecture, so that this model is as close to reality as possible. It thus provides a
unique capability of predicting the nanoscale mechanics of single or multiple units
of the protein network, the mechanical behaviour of the lipid bilayer and the effect
of their interactions.

3.1.3. Level IIl. Complete cell model

In the complete cell model, the interaction between the inner and outer layers is
simulated by considering two issues, normal contact and lateral slide (enabled by the
mobility of the skeleton—bilayer pinning points within the bilayer). Specifically, we
treat such an interaction as a linear spring-softened contact in the normal direction,
and as a viscous friction in the tangential direction. The properties of the friction
are determined by the diffusion of transmembrane proteins (known from previous
investigations), and contribute to the dynamic response of the composite structure.
Owing to this description, the bilayer and the skeleton are allowed to have different
local deformations, although the overall surface area is conserved. This fact has been
confirmed by experiments, but has not been incorporated into most existing models.
The constitutive properties of the lipid bilayer are taken from measurements. The
constitutive properties of the skeleton, on the other hand, are calculated by using the
level II model.

The other characteristics of this model are summarized below.

3.1.4. Viscoelasticity

The viscoelasticity of the system is essential to its ability to maintain structural
stability under large dynamic loads. The viscous property comes from the following
sources: (a) the viscosity of the lipid bilayer, (b) the viscosity of the protein skeleton,
and (c) the viscous connectivity between the two enabled by the mobility of the
transmembrane proteins (band 3 and glycophorin C) within the lipid bilayer. The
viscosities of both the lipid bilayer and the protein skeleton (effects (a) and (b))
are incorporated in the complete cell model (level III). The mobility of the pinning
points can be estimated based upon the experimentally measured diffusivity of these
molecules in the lipid bilayer.
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To consider the viscoelasticity, we use the generalized Voigt—Kelvin stress—strain
relation given by Evans & Hochmuth (1976) to model both the lipid bilayer and the
cytoskeleton, which is written as

1 D/ll

O1hi=T + 212 NG - /l§)+2v, oy 3.1)
_ 1 D1,

O =T + (2= 2) + 20— — (3.2)
21212 A, Dt

Here D/Dt is the material derivative with respect to time #; A; and A, are principal
stretches; and ®; and ®, are principal stresses. The constant k; is the thickness of
the bilayer or the cytoskeleton (i =5, s stands for the lipid bilayer or the cytoskeleton,
respectively). The constant v; is the surface viscosity, and wu; is the surface shear
stiffness. The variable T is the isotropic tension. For the cytoskeleton, u, and T are
functions of deformation, and are calculated based on the molecular detailed model
of the JC as

1 aq>| 3.3)

I‘LS - AO 8ﬂ o .

_ 1 0o s

T = - lp = C/A% (3.4
Ag D

where @ is the strain energy of the JC, Ay and A are the initial and current areas
of the JC, C is a coefficient related to the steric effect, « =44, — 1 and B = (/l% +
A3)/(24,4;) — 1. For the lipid bilayer, T =K, (1,4, — 1), where K, =5 x 10> pN pm™!
is the bilayer area stiffness.

3.1.5. Fluid—structure interaction (FSI)

Owing to its small length scale, the flow field around an RBC is classified as a low-
Reynolds-number Stokes/Oseen flow. Mathematically, the problem can be linearized
and formulated by using distributions of stokeslets on the membrane surface. We apply
a boundary element method (BEM) to solve the surrounding flow field and couple
it with our multiscale model of the cell membrane. In this approach, the flow is
considered as the combined effect of an interfacial distribution of point forces called
the single-layer Stokes flow potential, and an interfacial distribution of point sources
with zero net strength accompanied by point-force dipoles known as the double-layer
Stokes flow potential. This method solves the outside flow and the inside flow (of the
cytosol) simultaneously (Peng et al. 2011).

The details of our numerical model are presented in our previous publications (Zhu
et al. 2007; Zhu & Asaro 2008; Peng et al. 2010, 2011). It is worth noting that, in our
previous modelling of fluid—cell interactions (Peng et al. 2011), we employ constant
boundary elements to model the surrounding Stokes flow. In that approach, the surface
traction is obtained using the FEM, which is transferred to the boundary elements
to calculate the fluid velocity using a lumping technique. The configuration of the
membrane is then updated using explicit time integration. In the current study, to
achieve better accuracy and stability, two major improvements have been implemented.
First, we employ isoparametric bilinear quadrilateral boundary elements instead of
constant boundary elements to discretize the boundary integral equation. This leads
to the same element interpolation for both the FEM and BEM. The application of
quadrilateral elements rather than triangular elements avoids the shear-locking problem
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(Belytschko, Liu & Moran 2000; Walter et al. 2010). Second, instead of applying the
lumping technique, we follow the work by Walter e al. (2010) and apply the principle
of virtual work to establish the relation between the surface traction and nodal force.

To elaborate, the BEM is based on the boundary integral equation of interface
dynamics for Stokes flow, which is written as (Pozrikidis 1992)

2
Uf(xo) = mi’f(xo)

1
T A (AL A
4 (A +1) //Ffb G(x, xo) - At (x)dI"(x)

1—A
- f . .
famam LY@ Te s eare. 63

where ¥/ (x,) is the prescribed undisturbed velocity field of the shear flow in the
absence of the cell, I'”? is the fluid-solid boundary, 5, is the viscosity of the external
fluid, and A =mn,/n; (1, is the viscosity of the internal fluid). Vector At =¢/-! —¢/2
is the discontinuity in the interfacial surface traction, where #*! is the traction in the
outside surface I'"*! of the interface, and #/*? is the traction in the inside surface /%2
of the interface. The symbol f [ denotes the principal value integration. The second
term on the right-hand side of (3.5) is the single-layer potential, which represents
the contribution from the distribution of point forces associated with the Green’s
function for velocity. The third term is the double-layer potential, which represents
contributions from point sources and point force dipoles. The matrix G contains the
free-space Green’s function for velocity G; expressed as

3y (x; — xo,) (xj — X0,)

Gljj(x, Xg) = 3
lx — x| lx — xol"

; (3.6)

where §; is Kronecker’s delta. The matrix T is the Green’s function for stress. Its
components are

(x; — x0,) (X; — X0,) (xx — Xo,)

lx — xol

Ti(x, x9) = —6 3.7

To solve the boundary integral equation (3.5), the boundary I'*” is discretized into
N, elements with N, nodes. Using four-node quadrilateral elements, the velocity and
the surface traction are represented as isoparametric interpolations

4

VE =) NG o (3.8)

a=1

and A
APE M=) NOE nar®, (3.9)

a=1

where the shape (interpolation) functions N at node a (a=1, 2, 3, 4) are given as
N =50 =81 =), NO = {0+ )1 =, N9 = L1+ &)1 + 1), and NO =
i(l —&)(1+1n). The & and n are isoparametric coordinates ranging from —1 to +1.

The single-layer potential kernel with a weak 1/r singularity (r = |x — xo|) is
integrated by employing a self-adaptive coordinate transformation (Telles 1987).
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In one dimension, such an integration / can be written as

1
=/ FIIE =€) +EE* +3)]/(1 +38))13(& —&)*/(1 + 38%) dg, (3.10)
-1

where f is the function to be integrated, i.e. Green’s function times the shape function
in the case of (3.5), and £ is the isoparametric coordinate of the singular point. In
two-dimensional cases such as the second term on the right-hand side of (3.5), the
transformation in (3.10) is applied for both directions (§ and n). We apply the regular
Gaussian quadrature rule on (3.10) to both dimensions of the quadrilateral element
and achieve high accuracy for the singular integral. Four-by-four Gaussian integration
points are employed to integrate (3.5) for the non-singular integral and eight-by-eight
for the singular integral.

The weak 1/r* singularity in the double-layer potential kernel is removed by using
the relation

][ vV (x) . T(x, x0) - n(x)dl"(x)
rm

:// [V (x) — v (x0)] - T(x, x0) - n(x) dI" (x) 4+ 470/ (xp). (3.11)
v

In a collocation approach, we apply the boundary integral equation at the nodes of
the boundary I'””. After discretization of (3.5) by using (3.8) and (3.9), we get N,z
algebraic equations, which are written symbolically in matrix form as

Vi = Ve — Sqls: + DV, (3.12)

where vﬁE is the global vector including velocities at all collocation points on I/
(i.e. its dimension is 3N,.s). Vector ﬁ’;fE is the global vector of undisturbed velocities.
Vector ¢l is the global nodal surface traction vector on I, Matrix S is the single-
layer potential coefficient matrix; and D is the double-layer potential coefficient matrix.
The matrix—vector multiplication Dv)}. is achieved by using (3.11).

Solving (3.12) for v’;’E, we get

vy = (I — D)~ [V — Sqp), (3.13)

where [ is an identity matrix. For numerical efficiency, the solution of (3.13) is
obtained by using successive substitutions instead of direct matrix inversion (Pozrikidis
1992).

Now the interfacial velocity v’Z’E is expressed in terms of qf,é’E, which is transferred
from finite elements of the lipid bilayer and will be presented in the following.

In the special case when A =1 (i.e. the viscosities of the internal and external fluids
are identical), the computation is much simplified, because (3.13) is reduced to v’;b =
vBE S‘Iﬂj BE:

In our previous study (Peng et al. 2011), we employed a lumping algorithm to
couple the FEM with the BEM. That approach does not strictly follow the principle
of virtual work. In the present study, we follow the work by Walter et al. (2010)
and apply the principle of virtual work to establish the relation between the surface

traction qﬁfE and the nodal force f%, as

Mgz = f s, (3.14)


https://doi.org/10.1017/jfm.2014.14
https://www.cambridge.org/core
https://www.cambridge.org/core/terms

Downloaded from https://www.cambridge.org/core. University of Illinois at Chicago Library, on 06 Sep 2021 at 00:02:50, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms.

https://doi.org/10.1017/jfm.2014.14

Erythrocyte responses in low-shear-rate flows 105

where the elements of the matrix M are given as

Mpq=ze;<

where ), denotes assembling summation in an element, N is the shape function and
f%, is the global nodal force vector from the FEM. Equation (3.14) is solved using
the linear sparse solver PARDISO (Schenk & Gartner 2004, 2006) included in the
Intel Math Kernel Library (MKL).

Another improvement in our current method is that we apply the total Lagrangian
formulation of the shell element to replace the updated Lagrangian formulation in
our previous study. We calculate the nodal fibre direction based on the normals of
the elements connected to this node by area-weighted averaging, rather than updating
the fibre direction based on the fibre angular velocity (Belytschko et al. 2000). The
assumption behind this formulation is that the nodal fibre rotates so fast that it
reaches equilibrium instantaneously compared to the linear motion of the membrane
due to the Stokes flow. Since the nodal inertia and nodal viscous rotational resistance
are very small compared to the translational viscous resistance, this assumption is
sufficiently accurate. Numerical tests show that this treatment improves the numerical
stability. To further improve stability, we applied the selectively reduced integration
(B-bar method (Belytschko er al. 2000)) in the shell element instead of uniformly
reduced integration, since the hourglass mode associated with uniformly reduced
integration plays a significant role in the occurrence of numerical instability in shell
elements.

NPN@ dS) , (3.15)

Sel

3.2. Calibrations and validations

Systematic studies have been conducted to calibrate and validate the multiscale
modelling framework together with the fluid—cell interaction treatment. In the
following we list the tests that have been carried out and published in our previous
papers (Zhu et al. 2007; Zhu & Asaro 2008; Peng et al. 2010, 2011; Peng & Zhu
2013).

(a) Level I model. The tension—elongation curves at different loading rates predicted
by our Sp model have been compared with AFM measurements in Rief et al.
(1999) (see Zhu & Asaro 2008).

(b) Level II model. The JC model was tested by comparing the orientations of the
actin protofilaments with experimental observations by Bennett & Baines (2001).
In addition, the predicted shear stiffness of the skeleton matches well with results
from various experiments (see Zhu et al. 2007)).

(c) Level III model. The finite element model was tested by comparing the following:
(i) the resting shapes of a vesicle at different ratios of volume to surface area
with the theoretical predictions by Seifert, Berndl & Lipowsky (1991); (ii) the
numerically predicted force—deformation curves with measurements from optical
tweezers experiments (Dao, Li & Suresh 2006); (iii) the numerically predicted
pressure—deformation curves with measurements from micropipette aspirations
(Discher et al. 1994); and (iv) the model prediction of the area deformation of
the cytoskeleton during micropipette aspirations with experimental measurements
using fluorescent microscopes (Discher et al. 1994; see Peng et al. 2010).
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(d) Fluid—cell interaction model. The fluid—cell interaction model has been validated
through comparisons with the following results: (i) cell motion inside a pipe
(Pozrikidis 2005), (ii) the motion of a spherical capsule in a shear flow
(Ramanujan & Pozrikidis 1998), (iii) the tumbling motion of an RBC in a
shear flow (Pozrikidis 2003), and (iv) tank-treading motion of an RBC in shear
flows (Fischer, Stohr-Liesen & Schmid-Schonbein 1978; see Peng et al. 2011). To
further test the accuracy of our recent updates in the fluid—structure interaction
solver described in §3.1, we have conducted additional tests to compare the
time histories of the motion and deformation of a spherical capsule at different
capillary numbers in shear flow predicted by the updated model with the work
by Ramanujan & Pozrikidis (1998) and Doddi & Bagchi (2008), as well as the
predicted tumbling motion of an RBC with the results by Bagchi & Kalluri
(2009).

In all of the aforementioned tests, the predictions of our model match well with the
benchmark results.

4. Results

As mentioned in the Introduction, in this numerical investigation we concentrate on
the mechanical responses of an erythrocyte whose cytoskeleton possesses a spheroidal
reference shape, which is based on existing numerical and experimental evidence
(Lim et al. 2002; Dupire et al. 2012). Specifically, we will examine the mechanical
responses of a cell in shear flows with relatively low shear rates. To achieve this,
we will follow Lim et al. (2002) and start from a cell whose initial stress-free
shape is an oblate spheroid while its surface area is the same as the erythrocyte
under consideration. This spheroid has a semi-major axis a, a semi-minor axis
(the axis of revolution) b, and an eccentricity e (e = 1 — b*/a?). Its surface area
A, =2ma*[1 4 ((1 — €?)/e?) tanh™" €] = 133 wm?, and its internal volume V, = %nazb.
The spheroid is characterized by the volume ratio V;/V,, where V; is the volume of
a sphere with surface area A; (the radius of this sphere is 3.25 wm). In an extreme
case when V,/V, =1, the reference state becomes a sphere. According to Lim et al.
(2002), the most likely range of V;/V, is from 0.925 to 0.976. In the following
simulations, we consider the cases with V,/V, ranging from 0.90 to 0.998.

We will simulate the resting shape of the cell through a deflation process during
which its internal volume is reduced gradually from V; to 0.65V, while the surface
area remains unchanged. After that, we will numerically explore the correlation
between the reference shape of a cell and its behaviour in a weak shear flow. For
comparison, in this simulation we will also consider a case in which the reference
state coincides with the resting biconcave shape.

According to our numerical tests, the cell responses in shear flows are closely
related to the elasticity of the skeleton, which in turn depends on py, the persistence
length of folded domains in spectrin. While the shear modulus of the RBC membrane
was measured as 5.7 pN wm™' (corresponding to p; = 11.12 nm in our model) in
a micropipette aspiration experiment (Evans & Skalak 1980), the shear moduli
measured in a flicking experiment (Peterson, Strey & Sackmann 1992) and an
optical tweezers experiment (Henon et al. 1999) are much smaller. The difference
may be due to the fact that these values were measured in different deformation
regions. In the micropipette experiment, RBCs undergo large deformation and the
strain-stiffening effect may be significant. In the flicking and the optical tweezers
experiments, however, the RBC deformation is quite small and the shear modulus
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hy mm)  pp (PN pm™") K, (PN pm™) k) v, (PN s pm™h)

2.2 1073 5% 10° 2x107% 1073

TABLE 1. Parameters of the lipid bilayer: h,, bilayer thickness (different from reality
due to the homogeneous shell assumption); u,, bilayer shear stiffness (a very small
value to stabilize the numerical algorithm); K}, bilayer areal stiffness (Mohandas & Evans
1994); k., bilayer bending stiffness (Mohandas & Evans 1994); v,, bilayer viscosity (Otter
& Shkulipa 2007).

hy am) v, (PN s um™")  p; (nm)  p, (nm) Ly (nm)
2 0.0125 25.23 0.8 6.39
L, (nm) AAx* (nm) Fi5 (pN)

39 12.6 12

TABLE 2. Parameters of the cytoskeleton: hy, cytoskeleton thickness; vy, cytoskeleton
viscosity (Tran-Son-Tay, Sutera & Rao 1984); p,, persistence length of folded domains in
Sp; pu, persistence length of unfolded domains (Zhu & Asaro 2008); Ly, contour length
of folded domains (Zhu & Asaro 2008); L,, contour length of unfolded domains (Zhu &
Asaro 2008); AAx*, the difference between the activation length of the unfolding process
and that of the refolding process (Zhu & Asaro 2008); F,,, the force corresponding to
the state when half of the domains are unfolded (Zhu & Asaro 2008). A spectrin consists
of 19 domains in our model.

is measured near the undeformed state. For the problems involved in the current
research, i.e. the resting shape problem and the small deformations in low shear rates,
it is more reasonable to use the smaller value (2.5 pN pm~' (Henon et al. 1999),
corresponding to p; = 25.23 nm), which was also employed in the aforementioned
study to predict the resting shapes of RBCs by Lim et al. (2002). To keep the same
characteristic time of viscoelasticity, we also scale down the cytoskeleton viscosity
to 0.0125 pN s wm~!. The other parameters of the bilayer and skeleton for our
multiscale model are listed in tables 1 and 2, respectively.

Numerically, we use 1000 finite elements on both the inner and outer layers
in the level III model (so that the overall number of finite elements is 2000).
Correspondingly, the number of boundary elements is also 1000. The mesh generation
is achieved by using the commercial software package ABAQUS (ABAQUS Inc.,
Providence, RI). In time evolution, a time step of 2 x 107> s is applied.

4.1. Resting shapes

We calculate the resting shape of a cell through a deflation process during which
the internal volume of the cell (which is initially stress-free) is gradually reduced
from V; to 0.65V, without external disturbance. During this process, the sum of
the bending energy of the lipid bilayer and the shear energy of the cytoskeleton is
minimized. As predicted by Lim et al. (2002), the resting shape of the cell depends
on both V;/V, and the dimensionless parameter ¢y = CyR, where C is the spontaneous
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FIGURE 4. Resting shapes of the cell after deflation at different values of V,/V, and
spontaneous curvatures co.

curvature of the lipid bilayer and R is the radius of the sphere with volume V; (in
the case we consider, R =3.25 wm). Their simulations indicate that with the possible
stress-free shapes (0.925 < V,/V, < 0.976), as ¢y increases beyond a threshold value
(cp), the resting shape switches from a stomatocyte (i.e. a bowl shape) to a discocyte
(i.e. a biconcave shape). In figure 4 we demonstrate the resting shapes of the cell
at different values of V,/V, and ¢, predicted by our model. It is seen that the cj
indeed increases with V;/V,, which is consistent with the prediction by Lim et al.
(2002). (In the discocytes the cell shape is slightly non-symmetric with respect to
the centre plane due to the remanent stomatocyte effect.) Quantitatively, our result
also agrees with their predictions. For example, at V,/V, = 0.95, ¢} was found to
be between 2 and 3, which is consistent with our results. Furthermore, within the
range predicted by Lim et al. (2002) (0.925 < V,/V, < 0.976), the resting shape
compares well with observations. Below that range, the ratio between the longest and
the shortest axis becomes large (i.e. the cell becomes flaccid), while above that it
becomes small. However, the difference is not that dramatic as long as we stay in
the range of 0.90 < V,/Vy < 0.995. Another feature predicted by Lim er al. (2002)
that has been duplicated with our numerical model is that the resting shape becomes
non-axisymmetric as V/V, is too large (as demonstrated in figure 4 at V,/V,=0.998).
If V,/V, is too close to 1, no discocyte can be reached at any values of c¢y. For these
reasons, in the following studies we will consider the cases with V;/V, up to 0.995. In
these deflation simulations, we artificially reduce the friction coefficient between the
bilayer and the cytoskeleton by a factor of 10 and run the simulation for sufficiently
long in order to ensure the full development of bilayer—cytoskeleton slip. This slip
alone cannot release the cytoskeleton stress completely, because the area and volume
constraints and the transverse force due to the bending from the bilayer are acting
on the cytoskeleton through the vertical interaction instead of tangential frictional
interaction.

In the following simulations we select the cases in which the resting shape is
biconcave. Specifically, we will study the following combinations of parameters:
Vi/Vo =0.90, ¢y =0; V,/Vy =0.925, ¢ =1; V,/Vy =0.95, ¢g =3; V,/Vy = 0.975,
co=23; and V;/Vy;=0.995, ¢, =8.

4.2. Responses in shear flow

The computational set-up of RBC responses in shear flow is shown in figure 5.
As depicted in that figure, we consider a single erythrocyte in a linear shear flow.
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FIGURE 5. Definition of the initial orientation of the cell in a linear shear flow.

Described in a Cartesian coordinate system (x, y, z), the incoming flow is in the x
direction and its velocity profile U = U(y) = yy, where y is the shear rate. Following
the experimental conditions in Dupire et al. (2012), we choose the viscosity of the
external fluid to be 1, = 0.0285 pN s wm~2. The viscosity of the cytosol is chosen
as 17, =0.006 pN s um~2 (Chien 1987).

We will test the aforementioned five cases with different values of V,/V, (and c¢) as
well as a cell whose skeleton is stress-free at the resting biconcave shape (i.e. V;/Vy=
0.65 and ¢y = 0). The initial configurations of the cell, including its geometry and
distributions of internal stresses, are obtained from the deflation tests. The centre of
the cell lies on the plane corresponding to zero flow velocity. The rotations of the
cell around the x, y and z axes are characterized by the roll angle 6, the yaw angle
¢ and the pitch angle v, respectively. The initial orientation is thus represented by
these angles at t =0, i.e. 6y, ¢9 and ¥y (Peng & Zhu 2013).

Our primary interest is in the reported establishment of tank-treading motions in
low-shear-rate flows. The most notable phenomenon is that, during tank-treading
motions in such flows, the overall cell shape remains roughly biconcave with
well-defined dimples.

We conduct systematic numerical tests to document the behaviour of the six cells
with different values of V,/V,, under various shear rates. These simulations are first
conducted with an initial configuration in which the axis of revolution of the cell lies
within the shear plane. In such conditions it is found that the cell response is either
tumbling/flipping (figure 6) or tank treading (figure 7). Between these two responses,
a transitional behaviour combining the characteristics of flipping and tank treading is
observed (figure 8). In this response, the membrane clearly circulates around the cell,
consistent with tank-treading behaviour. On the other hand, part of the membrane
rotates around like a rigid body, reminiscent of the flipping motion. The flipping
behaviour is most pronounced at ¢t = 7.20 s, when part of the membrane forms a
ridge (on the lower surface) during its tumbling-style motion. A similar phenomenon
has been reported by Dupire et al. (2012). Most importantly, in figure 7 it is seen
that the cell shape indeed remains biconcave during tank treading. This feature was
observed in experiments but not in other simulations with biconcave stress-free shape.

If the axis of revolution is away from the shear plane in the initial state, we observe
the rolling mode as shown in figure 9. During such a response, the cell rotates around
an axis that is roughly perpendicular to the shear plane. When we increase the shear
rate, this rolling motion also switches to tank-treading motion. The sensitivity to initial
orientation has also been discovered at higher shear rates. In a previous study, we
have illustrated that, at different initial orientations, there exist at least two different
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FIGURE 6. Side and top views of the time sequence of cell motion/deformation in a shear
flow with y = 1.5 s7!. A skeleton-attached bead is added to visualize the motion. Here
Vi/Vo=10.995; and 6y =0° — ¢y = 0° — 1y = 0°.
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FIGURE 7. Same as figure 6 except that y =6 s~
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FIGURE 8. Same as figure 6 except that y =3.5 s~

vt =63.48 66.36 69.24 72.12 75.0 77.88

FIGURE 9. Same as figure 6 except that y =3 s™! and ) = 60° — ¢ =0° — v, =0°.
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FIGURE 10. Time histories of the orientation angle of the shortest axis [ at y =1.5 s7!

(dashed line), y = 3.5 s~! (dash-dotted line) and y =6 s~! (solid line). Here 6y =0° —
¢o = 0° — ¥ = 0°. According to our definition, the case at 1.5 s™! is categorized as
flipping motion, whereas the cases at 3.5 and 6 s~' are tank-treading motions.

response modes (Peng & Zhu 2013). In one of them, the membrane elements from the
original dimple regions remain close to the centre plane (i.e. the x—y plane), which is
similar to what is shown in figure 7. In the other mode, these elements move to the
two sides of the cell (i.e. far from the x—y plane). This is (to a certain extent) similar
to the wheel-like rolling motion shown in figure 9. Dupont, Salsac & Barthes-Biesel
(2013) also predicted similar behaviours of a prolate capsule by studying its off-plane
motion in shear flow.

In order to estimate the critical shear rates . and y, we obtain the principal
axes of inertia for the cell and record the behaviour of the shortest one (i.e. the one
with the largest moment of inertia) referred to as /. If [ rotates around the z axis, the
cell is tumbling. If it oscillates but remains close to the y axis, the motion is tank
treading (see figure 10 for an illustration). In rolling motions, / oscillates around the
z axis (figure 11). The oscillations decrease with time and will eventually disappear.
This approach is similar to that adopted by Skotheim & Secomb (2007) and Noguchi
(2009). Systematic simulations have been conducted and y~ and y; are determined
(figure 12). It is seen that both y~ and y decrease as V,/V, approaches 1 (i.e. the
stress-free shape approaches a sphere). A similar trend has been reported by Tsubota
et al. (2013). For example, at V,/V,=0.9, y~ is around 6 s7!, and at V,/V;=0.995,
Y, reaches around 2.4 s~!. Meanwhile, y.t decreases from 10.8 s7!at V,/Vy=0.9 to
5.2 s7!at V,/V,=0.995.

As V,/Vy = 0.995, the transitional behaviour (i.e. the combined F-TT behaviour
illustrated in figure 8) disappears at shear rates higher than 4.5 s~!, beyond which the
cell demonstrates pure tank-treading behaviour. At smaller values of V,/V,, however,
the transitional region will be significantly enlarged. For example, at V;/V,=0.9, the
remnant of the F response mode does not disappear even after the shear rate becomes
higher than 10 s~!. In that case it is hard to determine the upper boundary of the
transitional region since at those shear rates it is difficult to distinguish the local
deformations of the cell membrane caused by the remaining tumbling component and
those caused by breathing. These features, together with the values of critical shear


https://doi.org/10.1017/jfm.2014.14
https://www.cambridge.org/core
https://www.cambridge.org/core/terms

Downloaded from https://www.cambridge.org/core. University of Illinois at Chicago Library, on 06 Sep 2021 at 00:02:50, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms.

https://doi.org/10.1017/jfm.2014.14

112 Z. Peng, A. Mashayekh, and Q. Zhu

= e ———

¢, ¥ (deg.)

1 1 1 J

1
40 80 120 160 200 240 28
yt

FIGURE 11. Time histories of the orientation angles of the shortest axis [ at y =3 s~

Here [, and [, are the projections of [ in the x—z plane and the y—z plane, respectively;
and 6y = 60° — ¢g = 0° — 1y = 0°.
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FIGURE 12. Critical shear rates (s~') at different stress-free states. The solid line denotes
v, and the dashed line denotes y..

rates, suggest that the case with V;/V, = 0.995 might be closer to reality than the
other cases.

For a cell with biconcave stress-free state, the values of y~ and y' are around
6.7 and 14.5 s7!, respectively. On the other hand, figure 12 demonstrates that,
as V,;/V, increases towards 1, our predicted values of y~ and y’ approach the
experimentally measured values (y," =3 s™' and y~ =0.8 s™') (Dupire er al. 2012).
The remaining discrepancy is probably caused by the uncertainty in membrane shear
modulus, which significantly affects the cell dynamics. It is well known that in
experiments the stiffness and cell size can vary a lot from cell to cell. As suggested
by Skotheim & Secomb (2007) and Noguchi (2010), the critical shear rates can be
manipulated by adjusting the shear elasticity. The softer the skeleton is, the smaller
the energy barrier between the dimple elements and the rim elements becomes. As a
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FIGURE 13. Side and top views of the time sequence of cell motion/deformation in a
shear flow with y =6 s~!. A skeleton-attached bead is added to visualize the motion.

The cell has a biconcave reference state with an initial shear stiffness of 0.9 pN pwm™'.

Here 6, =0° — ¢y =0°— vy =0°.

result, softer cells possess lower values of y~ and y'. The effect of cell stiffness is
usually characterized by the capillary number, defined as Ca = na,.y/u;, where a, is
the effective radius of the cell. For cases with the same capillary number, we expect
similar dynamic behaviour. Therefore, the critical shear rates are linearly proportional
to the shear modulus w,. Specifically, to match the experimentally measured critical
shear rate y_, with V,/V,=0.995 the corresponding shear modulus should be around
0.8 pN pm™'.

Our further tests show that, no matter how small the shear modulus is, with
a biconcave stress-free state it is impossible to achieve tank treading without
significantly disturbing the initial cell shape. For example, although it is possible
to reduce y, of a cell with biconcave stress-free state from 6.7 to 2.4 s~' (the
same value as that with V,/V, = 0.995) by reducing the initial shear stiffness of its
membrane to 0.9 pN pm~! based on the aforementioned capillary number scaling
law, it is not possible to reproduce the tank-treading response with undeformed cell
shape as demonstrated in figure 7. Indeed, at the same shear rate (6 s™'), we observe
a tank-treading response with significant flipping component (figure 13). This is also
accompanied by significant breathing and elongation of the cell.

Another important parameter is the bending stiffness of the lipid bilayer. Le (2010)
and Sui et al. (2007) showed that, by increasing this bending stiffness, the dimple
regions of the RBCs can be preserved during tank treading. Following their work,
we also tested if a combination of biconcave stress-free state and increased bending
stiffness can explain the experimental observations. We discovered that increasing the
bending stiffness alone leads to higher critical shear rates, leading to further deviation
from the experimental measurements. For example, when the initial shear modulus
is 2.5 pN pm™" and the stress-free state is biconcave, y~ reaches 9.5 s™' when the
bending stiffness k. is raised to 107'® J (in comparison with 6.7 s~! when k. is 2 x
10~ J). To overcome this issue, we try to increase the bending stiffness and decrease
the shear modulus simultaneously. Our results indicate that, even though the critical
shear rates can be reduced by decreasing the shear modulus, under no combination
of shear stiffness and bending stiffness can the cell behaviour shown in figure 7 be
duplicated if the stress-free state is biconcave.

The critical shear rate is also affected by the membrane viscosity. For example, with
Vi/Vo =0.995 and ¢y =8, y, is around 2.4 s~' with membrane viscosity listed in
tables 1 and 2. Without membrane viscosity, it drops to 2.1 s~!. We have also tested
a case in which the membrane viscosity is increased by a factor of 10. The critical
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FIGURE 14. Time histories of the orientation angle of the shortest principal axis / with
v, =0 and v,=0.0125 pN s wm™! for shear rate (a) 2.5 s™! and (b) 6 s~!. Here V,/V,=
0.995; and 6y =0° — ¢g =0° — g =0°.

shear rate y is slightly increased (by less than 0.1 s™'). The implication is that the
membrane viscosity contributes to the effective viscosity ratio (i.e. the ratio between
the viscosities of the inside fluid and the outside fluid). Increasing the membrane
viscosity may increase the effective viscosity ratio, leading to higher critical shear
rate (see e.g. Fischer & Korzeniewski 2013). This parameter will also influence the
detailed response of the cell. Figure 14 shows the time histories of the orientation
angles of the shortest axis in these two cases with different membrane viscosities
under shear rates 2.5 s~! (close to the critical shear rate) and 6 s~'. According to
figure 14(b), the orientation angle of the shortest axis becomes smaller with increased
membrane viscosity. It is also seen that the cell swings faster with less membrane
viscosity, which is consistent with existing studies (Ramanujan & Pozrikidis 1998).

According to Lim et al. (2002), for a fixed value of V;/V,, the biconcave resting
shape is achieved over a wide range of spontaneous curvature cy. Our numerical
tests show that the parameter ¢, does not affect the critical shear rates significantly.
However, it does affect the skeleton deformation at the resting state. For example,
at V;/Vo =0.995 and ¢y = 8, the maximum area expansion of the skeleton at the
resting state is around 6.7 %. When ¢, is increased to 16, this value is increased to
14 %. In addition, this parameter affects the detailed responses of a cell, as illustrated
by the Taylor parameter and the orientation angle of the shortest axis shown in
figure 15.

5. Conclusions

By using a multiscale numerical model that incorporates the detailed molecular
architecture of an RBC, we performed numerical simulations of two problems that
are closely related to the stress-free state of the cytoskeleton: the resting shape of the
cell, and the response of the cell in low-shear-rate flows. The purpose of this study
is to quantitatively examine the validity of the hypothesis that the stress-free state
affects the dynamic response of the cell in low-shear-rate flows.

In our simulations, the resting shape of a cell is predicted through a deflation
process. Starting from a spheroidal stress-free reference state, the internal volume
is gradually reduced until the measured volume-to-surface-area ratio of an RBC
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FIGURE 15. Time histories of (a) the Taylor parameter D,, and (b) the orientation angle

of the shortest principal axis / with ¢y = 8 (solid) and ¢y = 16 (dashed). Here V,/V, =
0.995; y =6 s7!; and 6, =0° — ¢y = 0° — o = 0°.

is reached. Using this process, it is confirmed that the biconcave resting shape is
achieved if the spontaneous curvature of the lipid bilayer is beyond a critical value
(which increases as the stress-free shape approaches a sphere). This is in parallel
with the result in Lim et al. (2002) in which a Monte Carlo technique was employed
to identify the minimum energy state of the RBC membrane.

Using the predicted biconcave resting states as initial conditions, we examined the
dynamic responses of these cells in low-shear-rate flows. An important finding is
that the threshold value of the shear rate corresponding to the establishment of tank
treading decreases significantly when the stress-free state approaches a sphere. We
also found that, at such low shear rates, the biconcave shape of the cell was roughly
preserved during tank treading, which is different from the elongated cell shape
predicted in existing numerical studies but consistent with the recent experiment
(Dupire et al. 2012). These results confirm the hypothesis that the tank-treading
response in low-shear-rate flows is closely related to the stress-free state of the
skeleton, so that a microfluidic experiment can be used as a method to quantitatively
determine the exact stress-free state of the cytoskeleton.

Membrane wrinkling, a previously reported phenomenon in cell responses in
shear flows, has not been observed in our simulations. A possible explanation is
that our simulations (and the corresponding experiment by Dupire et al. (2012)) were
conducted in a different parametric regime. For example, Foessel er al. (2011) showed
that large internal cytosol viscosity leads to membrane compression and buckling, but
in our case the internal cytosol viscosity is relatively small (0.006 pN s um~2)
and the external viscosity is large (0.0285 pN s wm~2), so that it is hard for the
cell membrane to buckle. On the other hand, Yazdani & Bagchi (2013) showed
that capsules without bending stiffness may also buckle when the membrane
viscosity is beyond a critical value (corresponding to a dimensionless parameter
n* = (vy + vp)/ma, = 10). In our case, n* = 5.0 and we also have a significant
bending stiffness (2 x 107" J), so that it is not easy for the cell membrane to buckle.
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